There has been considerable success over the past five decades in developing a phenomenological and micromechanism-based understanding of plastic flow, creep and superplasticity. Although it is widely known that grain sizes have a distribution in polycrystals and nanocrystals, this factor is usually not included in most analysis of deformation and failure. Experimental observations relating to the influence of grain size distributions are discussed briefly, and an analysis is developed to consider the influence of this factor on the transition from grain boundary strengthening to grain boundary weakening in nanocrystalline materials. The transition from grain boundary strengthening to weakening becomes broader with an increase in the standard deviation of the grain size distribution. It is demonstrated that the observed standard deviations for grain size distributions and nominal errors in grain size measurements can lead to substantially different experimental observations under nominally identical conditions.
Introduction
The time dependent plastic deformation of materials, termed creep, is an important design consideration for structural applications at high temperatures. It has been well known for several decades now, that creep is influenced primarily by factors such as the stress σ, the absolute temperature T and the microstructure of materials. The many important phenomenological studies on creep by Dorn and Mukherjee, have led to what is now considered a standard equation for high temperature plastic flow [1, 2] 
whereε is the steady-state strain rate, A is a dimensionless constant, D is the appropriate diffusion coefficient, G is the shear modulus, b is the magnitude of the Burgers vector, k is Boltzmann's constant, d is the grain size, and p and n are constants termed the inverse grain size and stress exponent, respectively. The diffusion coefficient is given as D = D 0 exp(−Q/RT), where D 0 is a frequency factor, Q is the appropriate activation energy, and R is the gas constant. *
In general, creep may be influenced by many different microstructural parameters such as the grain size, stacking fault energy, and the dislocation density. Although the stochastic nature of microstructural features such as dislocation density, grain size distribution, grain boundary energies and grain boundary diffusion are known, these factors are not included explicitly in many creep rate equations. Thus, for example, most experimental studies use the linear intercept method to characterize the arithmetic mean linear intercept grain size, and use this value in Eq. (1) .
The purpose of this paper is to examine the influence of grain size distribution on plastic flow and fracture. The next section describes some relevant experimental observations in superplastic deformation, creep cavitation, and geological materials. This is followed by an examination of experimental observations on grain size distribution in nanocrystals, an analysis of the effect this distribution on grain boundary strengthening and weakening, together with implications for experimental observations on hardness in nanometals. Fig. 1 . Scanning electron micrographs of a superplastically deformed Al-Li alloy showing coarse grained regions at a strain of (a) 16% and (b) 78%, and a fine grained region at a strain of (c) 16% [5] .
strain contribution process during superplastic deformation, the rate controlling mechanism has not yet been unambiguously identified, and plastic flow has been attributed variously to processes such as grain boundary sliding accommodated by diffusion creep or dislocation motion [3] . Raj and Ghosh [4] developed an interesting model for superplastic deformation which assumed that fine grains and coarse grains can deform by diffusion and intragranular dislocation creep processes, respectively. With a suitable choice of a bimodal grain size distribution, the model was able to reproduce the sigmoidal relationship between stress and strain rate that has been reported widely for superplastic alloys.
An experimental study on a superplastic Al-Li alloy revealed that under some conditions, the alloy exhibited a bimodal grain size distribution, with coarse and fine grains having dimensions of ∼50 and 10 m, respectively [5] . Mechanical testing revealed that the alloy exhibited a typical sigmoidal relation between stress and strain rate, with an optimum strain rate sensitivity m (=1/n) of ∼0.5. Fig. 1a and b depicts scanning electron micrographs of the surfaces of polished specimens inscribed with marker lines, in a coarse grained region of a specimen at elongations of ∼16 and 78%, respectively. Inspection reveals that the initially straight marker lines on the surfaces are curved inside the grains and that the coarse grains become more elongated along the tensile axis. In contrast, Fig. 1c illustrates the retention of an equiaxed grain shape, the maintenance of straight marker lines within grains, and sharp offsets at grain boundaries indicating the occurrence of grain boundary sliding in the fine grained region. These experimental observations confirm the validity of assumptions in some models that fine and coarse grains within a specimen can deform by different mechanisms.
Recently Bai and Raj [6] extended the analysis to include a log-normal grain size distribution. Interestingly, this approach does not lead to a sigmoidal relationship between stress and strain rate. The analysis shows that the transition from intragranular dislocation creep (n = 5) to diffusion creep (n = 1) can occur over many decades of strain rates in materials with a high standard deviation of grain size distribution.
Creep cavitation
Sintering of alumina powders co-doped with magnesia and zirconia led to the development of a bimodal grain size distribution with coarse and fine grained regions having grain sizes of ∼10 and 1 m, respectively [7] . Examination of the polished tensile surface of a sample deformed by creep in 4-point bending mode indicated that cavitation was very inhomogeneous, Fig. 2a . Thermal etching of the samples revealed that cavitation occurred only in the coarse grained regions, as shown in Fig. 2b from a region with a grain boundary crack.
Such observations can be rationalized in terms of load shedding from the fine grained to the coarse grained regions. Creep in alumina is usually attributed to some form of diffusion or interface-reaction controlled diffusion creep, under which conditionṡ
where n ∼ 1 to 2, and p ∼ 2 to 3. Thus, under iso-strain rate conditions, an increase in grain size will lead to an increase in stress, which enables cavitation in the coarse grained regions.
Geological materials
In an interesting experimental study on high temperature deformation on an equi-volume two phase mixture of calcite and anhydrite, Heilbronner and Bruhn [8] found that samples with an essentially identical two-dimension grain size exhibited substantially different flow stress. The differences were attributed to variations in the three-dimensional grain size distribution.
Ter Heege et al. [9] developed a model for creep in materials with a log-normal grain size distribution deforming by diffusion creep and dislocation creep, using iso-strain rate or iso-stress assumptions. The model was applied successfully to experimental results on olivine, and it was demonstrated that the median and width of the grain size distribution plays an important role in creep; this has important implications for modeling geological deformation in the crust and mantle.
Influence of grain size distribution on deformation in nanocrystalline materials
For the remainder of the paper, for the sake of clarity, the grain size will be denoted as L rather than d. It has been known for many decades now, that the change in crystallographic orientation across grain boundaries can lead to strengthening, and this is given by the Hall-Petch equation [10, 11] :
where σ 0 and k g are the Hall-Petch constants, and σ is the yield stress at a mean linear intercept grain sizeL. Clearly, such an expression provides a convenient means for developing high strength materials by grain size refinement. Following the first report of grain boundary weakening in nanocrystals [12] , there have been numerous studies on the topic and a wide variety of experimental results have been reported, including the continuation of Hall-Petch strengthening, a reduction in the rate of strengthening in the nanocrystalline regime, and grain boundary softening [13, 14] . While it is recognized that processing and other experimental artifacts can lead to spurious results [15] , computer simulations as well as analyses of dislocation processes suggest that below a critical grain size of about 10 nm grain boundary softening processes will become dominant [16] [17] [18] . Grain boundary softening has been attributed to Coble diffusion creep [12] , grain boundary shear [19, 20] and a reduction in shear modulus [21] . In the present approach, grain boundary softening by Coble creep is considered because the rate equation is well established theoretically [22] :
where the subscript co refers to Coble creep, the constant A co = 33, and D gb is the grain boundary diffusivity. Fig. 3a displays some experimental results from nanocrystalline Ni-based materials in a conventional linear Hall-Petch format [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] ; it is clear that there is a wide range in behavior in the nanocrystalline regime, including grain boundary softening. In light of limitations in producing bulk nanomaterials, 
where q is the slope of the plots shown in Fig. 3b . The experimental results shown in Fig. 3b lead to q values between ∼0.1 and 0.5, although Coble creep softening should lead to q = 3. In addition, it is to be noted that for a given grain size, there is a substantial variation in the reported strengths. While there have been several studies that explore the effect of grain size distribution on Hall-Petch strengthening and also the transitions in deformation mechanisms in nanocrystals [34] [35] [36] , there has been no detailed examination of this effect in terms of experimental results shown in Fig. 3b and Eq. (5). The following sections develop an analysis to include the influence of grain size distributions on both grain boundary strengthening and weakening. It is demonstrated that the transition from strengthening to weakening is sensitive to the standard deviation of the grain size distribution, as is the absolute magnitude of the flow stress and the optimum stress.
Log-normal grain size distributions in nanocrystals
A log-normal grain size probability distribution function can be expressed as
where L M is the median and S n is the standard deviation in a number-weighted grain size distribution. For a grain size distribution based on volume instead of numbers, the volume weighted standard deviation S v = 3S n . The mean grain sizeL can be related to the median value
Experimental data on grain size distributions in nanocrystalline materials are listed in Table 1 , and some of the data are illustrated in Fig. 4 in terms of the probability versus the linear intercept grain size normalized by the mean value [24, 26, [37] [38] [39] [40] [41] [42] [43] [44] .
In such plots, all data have to go through the point L/L M = 1 at a probability of 50%. Inspection of Table 1 indicates that typical values of S n are in the range of ∼0.3 to 0.5.
Grain boundary strengthening and weakening
The influence of grain size distribution on Hall-Petch strengthening can be examined using the approach developed by Kurzydlowski [45] , who assumed that a polycrystal can be assumed to be a composite of groups of grains with a constant size. Under such conditions, for applications to nanocrystalline regime where σ 0 can be neglected, the strength for a constant grain size group σ HP cgs can be written as Fig. 4 . Grain size distributions in some typical nanocrystalline metals.
The strength of polycrystals can be calculated, assuming isostrain approximation, as the sum of the volume weighted strengths of the constant grain size groups:
where V is the grain volume (=ϕL 3 , with the shape factor ϕ assumed to be =1). The mean volume of the polycrystal m V is:
The analytical solution for the mean volume of polycrystal is
and for the strength of polycrystal is
Putting Eqs. (7) and (11) into (12) 
The influence of the standard deviation on the Hall-Petch strengthening slope k g may be obtained by comparing Eqs. (3) and (13) 
The above expression is slightly different from that reported by Kurzydlowski [45] , with S v = 3S n , because of the incorporation of Eq. (7) in the present analysis for relating the average linear intercept grain size and the median grain size.
The reduction in flow stress due to Coble grain boundary diffusion creep can be examined based on Eq. (4), for a constant strain rate and temperature:
where B =ε kT A co bD gb (16) Following the approach taken for Hall-Petch strengthening, the Coble stress for S n = 0 can be written as:
Then, the strength of polycrystal due to Coble creep for S n > 0 can be written as:
The analytical solution for Eq. (18) is Putting Eqs. (7) and (11) into Eq. (19):
Comparing Eqs. (17) and ( 
It is interesting to note that an essentially identical relationship can be extracted from the analysis by Ter Heege et al. [9] Fig . 5 illustrates the influence of the grain size distribution on both Hall-Petch strengthening as well as Coble creep weakening in terms of the variation with standard deviation S n in the constants k g and B; the data are normalized with the values of the constants for S n = 0 as k 0 and B 0 , respectively. Inspection of the figure shows that grain boundary weakening is influenced significantly compared with grain boundary strengthening. An increase in the standard deviation leads to a decrease in the stress associated with grain boundary strengthening and an increase in the stress associated with grain boundary weakening. 1 The approach adopted in this analysis is that there are two independent processes for plastic deformation: Hall-Petch strengthening and Coble weakening. Based on the grain size dependence for these processes, it is expected that coarse grained materials will deform by Hall-Petch strengthening whereas fine grained materials will deform by Coble creep. The grain size L * for a transition from strengthening to weakening can be obtained by equating the stresses for strengthening and weakening: σ HP = σ Coble . From Eqs. (8) and (17),
Transition from grain boundary strengthening to grain boundary weakening
It is assumed for any grain size distribution, grains with sizes less than L * will deform by Coble creep whereas coarser grains will deform by the Hall-Petch process. Then, using iso-strain assumption, the strength of a polycrystal with a grain size distribution can be expressed as:
It is possible to solve this equation analytically using Mathematica 4.1.
Analytical results and discussion
It is necessary to put in values of the constants B and k g for grain boundary softening and strengthening, respectively, to develop further analytical results. Based on computer simulations and analysis of dislocation processes [16] [17] [18] , the role of grain size distribution in nanomaterials is examined with the assumptions that for S n = 0, the critical grain size for a transition from strengthening to weakening L * = 7 nm and the optimum strength is 1 GPa. These two assumptions essentially fix the values of B and k g for S n = 0, to be used further in Eqs. (14) and (21) . Fig. 6a illustrates the variation in strength with grain size on a logarithmic scale for values of S n ranging from 0 to 1. Inspection of the results reveals that an increase in S n has three important implications: (a) there is a decrease in the grain size for a transition from strengthening to weakening, (b) the optimum strength is reduced, and (c) the transition occurs over a broader range of grain sizes. The slopes of the curves in Fig. 6a give the value of the exponent q. The variation in q with grain size is depicted in Fig. 6b , with the grain size being normalized by the critical grain size L * for ease of comparison; in such a plot, all the curves need to pass through a point where q = 0 andL/L * = 1. As expected, for sufficiently coarse and fine grain sizes, the respective values of q are −0.5 and 3. However, for a large value of S n , the results indicate that it may not be possible to get into the Coble creep softening regime with q = 3 regime at realistic grain sizes. Typically, experimental measurements of grain sizes involve errors of ∼10%. Then, for experimental values of S n ranging from 0.3 to 0.5 and values ofL/L * ranging from 0.9 to 1.1, the analysis in Fig. 6b indicates that the expected q values range from a minimum of −0.3 to a maximum of 0.5. Thus, a wide range of experimental observations may be possible under nominally similar conditions, including Hall-Petch strengthening with a reduced slope, a plateau in grain boundary strengthening and grain boundary weakening.
The practical implication of the present analysis is that with typical errors in grain size measurements, there is always a possibility of a difference in experimental observations in the vicinity of a transition from strengthening to softening, for materials with a grain size distribution. Therefore, there is clearly a need to explicitly measure grain size distributions not only in the asprocessed condition but also in the annealed condition because of a possibility of abnormal grain growth in some nanometals [46] . To-date, there appears to have been only one study in which the variation in grain size distribution during grain growth has been measured explicitly to establish the occurrence of normal grain growth [37] .
It is important to emphasize that although the present analysis considered Coble creep as the relevant grain boundary weakening process, in principle any other weakening process such as grain boundary sliding can also be considered as long as the appropriate rate equation is well known. Irrespective of the details of the grain boundary strengthening and weakening processes, the general concept that the transition will spread out with an increase in the standard deviation is expected to be valid.
Summary and conclusions
Realistic microstructures of polycrystalline and nanocrystalline materials consist of a log-normal distribution of grain sizes, which has not been considered in most analyses of mechanical properties. Experimental observations are discussed relating to the influence of grain size distributions in superplastic deformation in metals, creep cavitation in ceramics and plastic flow in geological materials. An analysis is developed to consider the influence of grain size distributions on the transition from grain boundary strengthening to grain boundary softening in nanocrystalline metals. The transition from grain boundary hardening to softening becomes broader with an increase in the grain size distribution. It is demonstrated that a wide range of experimental behavior can be expected in nanocrystals, with the experimentally observed grain size distributions and usual errors in grain size measurements.
